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ABS'ni.ACT 

A ayaten, ot R baxea are to be searchecl for a s1D6].e object loeat.ed 

1n \>n · ot t.he!ll II¥ inapec:t.ing t.he box• one at. a t.iae. Given fO't' box 

1 (i•:l ~ • • ,R) are a priar probabllit7 p1 t.hat the object 1& there, a 

kno·.m poeit.ive probability o 1 that it it 11 t.here. the ob.,~ect is not 

(I t-ac eel on a g i on ins!)tlCtion or tt · boll and probability zero t.hat 

t!le oL c l.U detM.tcd. if i t i~ not th 're A searc ing plan i.e a 

apeci ied (inf1 t ) sequence tt .. e n 1 t "Ul o! which iftdic t~tus the box 

i ye t · a~ t he n 

. ~ i , 

s t , of the a aJ en and it is of 1ntere5t 

: tre ''op .iJn " plane ~it.h the f r t.hor 

an t~ · ns pdc t ior .. are i n a J • on ble aenae in e endent , 

it · " n h;;,t )l<m ~ U c.h inatr'J.Cts the s earcher to inareet at 

e c . t Pr_; t h• b w · ch e c b · ct · . mc, :-t likely to be f ou;1d 

ins t. ·cr. · ... . u. r t-: o in , e obj c.. I ada:. t.ian, the optimal 

.o p r · c ~ 1: · .l i' lU o unl , and 

i . 1 ~icately pe. iodic lan 

t i>at ·· tl t <Ml d e of 



'fhe ppetir to he e • umcer of sea ·~.h ng t.ype problerMi h \'ing 

· o.1 1der b.~. e practical intere~t which do not fa . into the eenera 

•.1 •l f prob elliS t r eated pr:Uuril,y by Koop.n.an r 1 Su h problem, 

0 ~d as a problem in aaintena 4! ana : ys :J. a , might. de:scr bed 

as 

~~ ~, 9 per~ttted o searc . ru~n ; >;t '.H:a8 f .. · ou ce 

of l ' b t shea o n some cp ~~ner ~ In thie 

pa r s umed that. t.her e only ne sour·· e ! fu ·: uJ n t.hc 

nd we shal l ca 1 h · ~ the jec _ ~ r \he ~;rch 

ss ·b e aticn f the s ur e cf f ~l o and 

tha r ep r ~r flp8 tare rpr pr ) : h~ t. It :1. . it 

de-s ·~ b .. e t.o eVla a p a of inaP<~ t · . ... the t:v es cne a i..E 

he aft.e i ~& P~£. 11 "' l Um obj-ect d o ered ~ 

'~(J ' t _, e. pe tee. t or c.oe ~ e r · mil i rrli .. · d Anothe j 

dt.! ... i on . .. 
I.. I d te ' t u . oh.ry vi tee ~. ... . 

n { • ... f' t t ~ 'J d 1 01 ( • ... r { 15 \og (l ' ling 

s te . u: ('! • ; ex lit- h' t. d ,.. \.e l .;· J.' 0 

y 1 ;.n a ea r pr ,_ e n l . 



The feature tklet ukes the prob ea of t;enera , interest 1.a the 

.st~ge · f t..he se~trch the c rre t box is inspe ted, Ulere Ut poeit.i e 

prob8 · .. i ty that Ule object will not be found and Uwt the aeer h 

;nuat - ' nti nue Thus, it mAY be rE ~ saorJ t o nspe :. t. a ct-...n box 

e?e r ~ t.ime t be f re the bj<-

t1 ·tt ian e~aoe :-ell .. nab . y .ttrt.ain th.Ei ·.JbJe . t. ta 110 n that .. 

i is a l!lw-ned that. a 1 . ...C" o i M ar.. tndtJ tJtillden* i.n be ser~ 

t.le 1 i ..ran •-he box t o oe · n.spe c ed t. a 

am Lt. an e .. ocat;\ v 

is i, O!-oQnder t of eli (S~ '"er a ~ rvet 1 or s 

... 1 tile pre a nt investi&6 . J.. - n ~ bo fur t.her ae6waption • zude 

Unt e ach 

l/ 
o~~aun• If tl1e 

to be 11 n 

' I 

• IF'\ 
, . ,J ll .., 

n rt..qu . a one un·t -

t., e · + i n o say t 1e probal i .. .i.ty of not 

n a ,; "en ina~c ton of lhet. box, i &86WIIed 

111 den te "' t. y a wl ere < • ( 1 .. 1 j •• 

r ~ me !ut.u.: e Un~ t 
eel'llf. r ) J ro e an obse,...etioo 

t Wlit ~f t.imP , i - l~ ,.ft 
i r . peper y Mbtu • l~ ~ 
s ,. ft!d ua rib dyna•i pro 

l a ,. t.h •lgb hh• 
ot awatre 

ont ~n \.he 1118j T part 
se u at i ;.. t.he pre eent 

f • fina .t draf . 

H) 



Also, if the object Is not in a particular boxv the probability of 

2/ locating it ther«  is tak^n tc be 0 

A though the search i    this problem is carried out over a finite 

set, whereas Koopman us concerned prim.^Jly with searching seme 

n dinenslonaA Euclidean rectangle, no assumptions are made in conne t^on 

with the conditional probebjlitiea, a., described above      Koopman must 

assume that these probajilitlae satisfy the exponential      saturation 

law, as do Charnss and Cooper [h], who dea"  primarily with the discrete 

analogue of Kcopman s problem     Also, the primary interest tk<rein    is 

to minimise expected searching time, as opposed to maximising the 

probability of finding the object within e certain time, or   ptimally 

distributing the searching tias available 

In section 2 the optimal searching plan is found to be the p^an 

that instructs the statistician to inspect, at each stage of the 

search^ the box in which the object is most likely to be located     The 

essential features of this optimal searching plan are Jta simplicity 

and its intuitive sppesl^ sines it is also the optimal one stage 

procedure     Not only does it minimise the expected number of observations 

required to /ocate the object, but it maximizes aiy fixed number of 

observations 

2/    In certain situations it might be reasonab/e to 
assume that suoe cf these probabilities are positive 
However^ this would make the problem considerably 
more complicated by necessltsting the consideration 
of stopping rules as well as searching plans     MO 
shall not discuss this problem any further in thx^ 
paper 
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The problem lend«  UseXf very nicely to a E^yesian approach„ 

and tni£ ia uaed to obtain cur   p-ima}  solution 

rn section 3 the special case whei« all a. a are t^qua7   ia con 

aiotred In further tie tali, and certain periodic features of the 

optiiaaX «eardilng P^-an are derived     The optimal plan for this case 

was determined earlier by Staroverov 15' 

When the number of bopces ia two (R • 2), the optimal searching 

plan cfi.i be approximated by «n even Jimpldr plan that becomes 

periodic beyond a certain initia'   number of observatlcns in one of 

the icocea       This plan has the added advantage that it may be 

applied to a situation in which the  a.  n jre not known exactly     This 

iJt done in the )83t section 



The Main Problem 

I/«t p - ^P-» » •  P  ' denote the svac her a dJ "stxibution   ;f the 

objpi.     Tiorg tht» K bo^es; < e   , p.   is the  probability th^t the 
1        B 

ot»jeo(. la  in box  i   (i '1 ft» and    I    p     -   ;     We deit^.e d  searrh 
A ■ 

int p an aa a tjumerj ."'.i  8^quen^e;  ea''h  terra of uhirb in om    f th» 

integer's 1, R      The tc     iaBai)er  of the Sequence; ^nd-1  ate«   the 
f>i 

box that is to be mapecl^d at the k      stage of obaer/aticn  if thg 

object has not been  iocatad in the first k I  observations      Ou 

rriterion fcr the opMxa)  searching plan s,^  the fo? lotting: 

searching plan 6    is said tc be optimal if the expe. ten 

number of obaervstiors required to  socete the obje- t  la at  .east aa 

snail using 6    as it is using any other s-aur :hinf p; en 6      More 

forma Li/, we say 6    iB cptima.  aroong aii 6    D, the c^aaa of a«! 

searching plan«,   if and only if   K (N  1 5  1 <   Zjji j 6  :,        6 £ D 

where N is the (randclB,l nuaber of obaer/ation*.^ fequKjfed to find the 

object, and B [   u   If
1 denotes expetalion taken wxth reaper t t    U\tr 

pr\or distribution p.  given the plan Ö 
ou 

Since E [N   löN 1    P [NX   \t\    *'    wi   . be rptlaa:  'f it is 

shown that 

(2 1 )   tNk   i 6*1 <    P [N k   |  6    . 
P 

for a..;  ßt D and eveiy k-O   1,   , 7 fa searching plan 6    ^an be 

fouiid tc satliify  (s < hen it wii 1 alst   be optimal   in the i.en6C that 

\t maxira^.es the prcl^bij-'ty of fxndiag  the  '.ibje^t within any i i ven 

nuffl ü ^ *-  -> f cjbae  /a t i r «n s 



. •,. 

W tb the aseigr~wn of a prior diatrlbut.ian to the e;yatem of bax.es JJ and. 

knowle-~;se of .. he mabere '1• '"' ~ '11 ao (11 beina the probability ot not locati.Da 

the ob . ,,. in box 1~ giwn t.h&t t.he object. ie there .... the problea ie well-Qetined ., 

* heretor 11 let 6 be the eoarchinc plan UDder which' the et.&U.t.ician, at each 

t~~ta.ge , in!!pecte th~ bax vhure t.he probabilit7 of t1mina the object on the next 

bs a tioo ie greatest. and tendnatee inapect.ion once the object i a tour.d. 

'he probability of .rind.ing the object 1n bax 1 ~ at a live etage of the eearob 

ie p 1 ai"- where P. ie the poeterlor probaldllt.y that the object. ie 

1n box . gi Yen the reeulttt ot t.he MUCh up to the pWil eta1eo 'nle a:act 

(1 ~ 1.9 o \) R It wUl be shown 

• in t.taie eetian that thia plan b 1e opt1•] in t.he ..... ot eat.ief'Tial (2 .,1) 

tor al . 6 ~ D and all k, 

Since >1 at azw etap of the .-rob$ t.he probabillt.7 ot t1Jiding the object 

• mAY b e a Axt•• tor *'" than one bca oar ngMt.ed plaD 6 ie amr.llbat 

acbiguoua .. All method~ ot chooeial one baz trc. thaee t.hat 7iald ~ .. vdlftll 

a.re equi wJ.ent hawewr • the eeMe that t.h., pw the au. expected D\llbe 

or fb8 rntiona , IndMd. 11' the probability ot tJ.nctln& the object at the 

kth etE.ge or obsenatior. la a marlllllll tor r baxae8 then each ot these maet 

be • pe t.ed once and only onne before 1napeet1ng &rJ7 ot t.be other R,..r boaeo 

Tha i s _ if one of the r boxea i • lnspect.ed~ then onl,y the ~'-"'1 l"fttMS nina bewttt 

y i e '' 
. & 

n~ maxim* probabilit y ot locating ·~.he object on the (It .. 1 obaenatio~< . 

sin e t.. e re1a 1ft -.aluee ':>! t.hair probabi-Utiee ani t hoe or t he other h~, .­

th be· •e ure UilOf fe "ted by the k obaenation ., Hem:,., tor each of t 1e R ooxee 

he t.e i or probability o! l~ating the objec>t on the (k + r)t.h baenul.ion 

i s h~ •~ J"'((.&..B.J'dleett ot t.i' e order 1n which the r bona were .Jl~tpect.ed. ., 



0 

For dtflnitanoM, then, let us rtlab«! tl» boxes so that 

p^ (1   al) ^ 3o.   >   ^:L"aH^ r'   1:>t •     OTBb«' tho boooM In an onk&r oi 

tmrw-iiig initial probabiliUss of fintlng tbo object.    Thei». if j^ (^o.o0l^) 

dlancteo the posterior probabilltj that the object is in box 1, glvm that 

k   obeemitlMiB Mere taken in box r» r* 1,  Cac,R, define 6 s oar propoeed 
« 

searching plan, to be the following^ 

(1)  Take the first observation in box 1(, since 1 is ths SMllsat intsfsr 

1 such that 

P±  (1- a1) - wft [pr (1- ap)j | 

(ii) for j > 2, take ths f*1 observation in beat 1* «here i is he ■Müsst 

integer such that 

(2.2)   p1(klf ..„^  (1- a1) * mpc [P^^-^V <l-a pi ■"4 

k^ ♦ .oo ♦ kj. « frls  ioSo inspsot the box of snallast indsx for 

which ths probability of finding the object on the J  ob—nation 

is grastest„ given that it «as not 1 crated on the first yi observations; 

and 

(ill) tsrninate inspsotlon when the Itea is found > 

It is now convenient to define a sequence of positive inu .-rs IL „ IL, 

in the following aannsr., Let K. be ths smaLLest integer such that 

(2.3)   %  (Kp 0, ,„,, 0) (1 ^X «ax [p^^O^opO) (1- a^j , 

i n O   } 



ölrxe, using 6 , we owt first inspaet bent 1, X. observationa will actually 

i9« taken tbara bafora any other b«ac is inapeetad> Lat us call thia, sod angr 

other •  itnterrupted saquanoe of observations in a given bout., a chain pi 

obsanrationsc Now, since p2il^ *2) > ««.o ^ JtC1"- 4R) i«pliaa that 

Pgd^ 0r, ,,0) (1 «2)> ,  ^ PjjC^O,. R,0) (1 ~«R)t box 2 ia the 

next to b« inspected using b „  and we suet take X» obaervations thera? one 

at a tiae. where IL is the saallest integer such that eithar 

^VV0"00'»0^ P^CK^OEJ,0^0,^0) (1- »j) „ or 

(2,4) 

p^C^Kj, 0,., .0) < «ax [ PyCKj^^.O^-c.O) (1- a^)] , 

This cooplloated condition is required «so that «t asgr raaaln oensiatant 
a 

vdth the definition of ft f tador «bieh we inapeot the beat of JMUMJE tatat 

mong thoaa for which the probability of flndtni the object la graataat. 

(Although thia condition could be ainpUfled aoaMdiat lay eheoaing aaothsr 

searching plan äquivalent to 6 s  the advantage of ft ia «sda clear In the 

next eaotion.. Also« the proofs in this aaction would i —In uaohaaged^) 

In a aiadlar faahion., asaiadng the integere K.#noo9K. ., for Jl > 2r 

have been defined» wa now define K.a Pirate if I, ♦ 00o ♦ I., cbaanations 

have bean asda according to ft y lat n, (j) be the total mabar of obaarvatlons 

saong them that ware taken in   box r, r-l, .><.. Ro Note that each 

n (j) is either saro or the suu of a aubaat of \ Lv»o.fK. . ? and 

R 
1       fV^^ *   1^ ♦ o.    ♦ K ^ n    Than   if 1. ia the saalleat integer such that 



»,<■»••   .,    .■ ....«.». ..„.. .       -■***■ 

O t2'5)   Pi (^(J),,,.,^^)) (1-a 1 ) - «ax [p^Cj),.     .^(J^a   ap)]     , 

g« oust    ■! '. th'i next K. oba«nratlon9 in box i., aeeozxllre lc  h « where K. is 

the smallest integer such that either 

Pi (^(J),    ^ (J) ♦ K^^.o^Cj) (1 oj  )   < 
J j J 

(2-6) BMC     tpll(n1(J),o   ..i^ (J) ♦ KJ0  ..^(J)) (l^ap)]   , «r 

«J 

Pi (^(.l),,»^!^ (J) ♦ K..,aafi^(j) ) (l-a1 ) < 
J J J 

■wc      (^(«^(J)^ - v^ (j) ♦ E ,      cji^Cj» (l-ap>]     n 
r > j J 

•Ms eoadition being required for.the seats reason as that given after (2 4)< 

Bjy B^jres" Theiaren. the poeterior probability is given by 

k,   / R k. 

r*l 

k.  / R k 
PiCki«»-fk^) "Pidi/    E     prar        a,,d* hino#> ^ inequalitie» (2 3) 

/     r*! 

and (2,6) nay be written as follows J    K. IS the saalltst integer such 

(2 3')       Pl   ai X (1-a^ <ixj (1   a2)  % 

and K,, ^ > 2, is the saallest integer such that either 

that 



=10' 

n.   VJ)  * K. njj) 

p   a.      J (7-c.   > $     MX pa '1^,*      ;  or 
* \1 ^ r < Ij l     r P r   J 

(2 >) 

Pj    « d-Oi ) <     MX     [   v a (l-a ) 
1j ^ :!      r > 1    L    r r r 

0 

tihere 1. Ifc d« ermined bj (2 5*      ^he definition of 6   aa;  now be restated in 

terns of the  .iteger» K...   !L, as followsü 

(l'i     TJce U.i first IL otserraticns in box I» ono at a tine,, where JL is 

ieteravned by (2.3")? 

(j^)    If IL  >    .    ♦ K. , cbservationa have been taken   nsnceesefuHy, 

j > 2   take the next K   observations in box 1.» on.- a* a tiae, 

Mheir K. and 1. are detemdned by (2,60 und (2 5) leepeotively! 

ant* 

(Hi)    terainate Inspection once the object is foond 

As a consequf nee of this fonmilation, we are now able to wr. te 

PM[N > k 1& }   in t suitable form in terns of the uuribers p. end a    r*l, oo.R pi r r        '     * 
First note that if.   for an arbitrary searching plan 6, the first k ob ereations 

are euch that k   of them were taker, in box r( r*l9n ,o»Rv. with £k   ■ k,   hen 

IL k« 
(2 7)      Pp[N> k |6  1 - pj^o^   x ♦ ♦ J^OR 

and *he order in which the k obeermtions ware taken ie irrelevant  However(, 

any Integer k ^ 0 say be written ai k • K ♦ K, ♦ >.,. ♦ I, * n, for s< 

'• 



0 u 

« > lt and 0 ^ n < K „ wh«r« X   • 0 and K-, L,    »o ar» the Jntagan 

daUrraintd by (2e3») and (2 6),    Thm, (2.7) can ba wrlttan as 

(2.7) Pp[N > Ko * .     ♦ ^ * n ( 6 1 - p^ ^ ♦ ,.0 ♦ J^OJJ       o 

whera   k-* , ., ♦ II * X   ♦  . ö. ♦ K   j^ ♦ n? 0 < n < K   and m > !„ and, 

from (i) and (11), wo hava for the apaclal plan t s 

i^ (a) ♦ n nr(B) 

(2.8) PJ» > I   ♦ -     ♦ K    , ♦ a t 6 ] *• D-   a.     " ♦   I   pa. 
p o »1 ' Si   ^ ^\ 

^i 

a 
sine« E   ♦ o  -. ♦ K   . ♦ n obaa:r<ratlooa takan aoeoxdlng to ft   lapllas that 

m (a) ^ n obaarwatlon« wara takan In box 1   and n (a) war« takan In box r^ 

for all r ^ i In ordar for (2,8) to be naanlnfAil for a « 1, wa anat 

aoctand tha dailnltlooB of 1. and nr( j) to Inolnda tha eaaa J - lo   Hanea« 

lat ^ - 1 and 0^(1) - 0o r - 1,. ,a,B, In agratmnt «1th (i*) In tha 
a 

definition of ft  , 

Lot m now daflna the aaquance of fuof^cna     2     ( ,,  ^9 )^ vhoaa 

donalna are anbaats of an R«dlaanelaial Boolldatp Spaoa aa followas   for each 

a ^ 1, and 0 ^ n $ K , 

k. k,. 
(2,9)     Q^ n<\*^   **%> m JVi     ♦  -      ♦ Pfe^   » ,*,,r* ^V      "V ^ •,wl1 

that for r •• 19 c . .v R. k la a non^oagatlva intacar and Ik »K ♦ , = .. ♦ K ,♦ 
r :r  o      B'l 



Note th.:- .. 1e !unctions ""a 1\. and ~ + 1 0 are ,etenUc o .ia redUBi&ncy 

ho..rever r ie helpt'ul. 1n tbe procts that follow ., Ae aeen trom (2 -7 t he 

oOMnatioM wili ~ required um r a a&~:~.pJing au b that. kr ot Uleae 

hue, dll th o into~~ obs .rva t ens ld b taken bo r when - ... 0 ' 

tion ne esaary to d tenu:l.n O f.J + l n J b '~ t o "' aL• arbtt1'&1'7 

aearehing plan b , 1o g1 '"', b the point ( k_t , " ,. ~ Ka 1n t. • dc.vdn ot 

~,~~n< -. ,. o., ' .• Hence sh ng that (2 .. 1 a t%"~ 1a equivalent t.o provin& 

t ,. roll ng 'th 01"'8 

Theor-.a la The aequM of ~ "1ona (2 . 9) ha e the property that tor ••17 

I:k ... , ., . J( l. J . .... . 

i .e _ eeeh tuncti~ 1m n ~ , . ~ ? 1.- ow1· ita dc:n&.tn at the 

proTei thi result in Ule tom ot t w l..u whi h !ollOIIf .· 

( . 11 (~ 
. r n ,. O ) . n .... , .- ,,~ y no > , n 

Proof 

'I'nvi (2 ! ld t r n e " ~ ~ ,. G and 

( ( ' r l : ./' ~- J for rju bbti ..J gp · na b am u..s.llt.y 
!! 



o 

i3" 

cbtalne  '.s an Induction hypoUwaie in n. let ue now as. <« hat (2 oil) 

holds  for noma n whera 0 ^ a < IL ., B> (2.9). 0, -(^i»  «kjJ • P^x      ^'"^Ffe0^ 

with  Ik ■ n and (2 11) auy 3« writ fc«n is % 

(2 111) jxo, * " "'ft»01!»  ^ ?iai * ^  P  which we bhaU rewrite eas 
r*2 

k. n-k, R k 
(2,11.2)      fttu x(l^      1) ^     L   p(l^r), 

x a. x r'2    r       r 

To «how that (2.11) holde for r. * 1    it is sufficient to show that it 

hold« for each (k^      „k^ ♦ 1,,.    ,1^), r * I .„  JL^ where (k^.,  ^9k p...^) 

is an arbitrary H tuple   euch that    Ik   " n     Therefore^ from (2 11.2) we have r 

k, n ♦ 1 k, k, n-k, n k, 
1^^ ^l ^ ^) - pfr H  (1 c^     X) * Oj    ^(1 a1)] 

(2 n 3) %     I   M1 ar ^ * Pl^ (i:=al^ 

Now, since 0 ^ n < K.„ we have fron (2,3") that 

n 

6nds   by the manner in which tha boxes aro ordered 

pjfl üU) > p (1-a ) fot s * ',   ,  «ft 

TiiUÄ 
n                                             k 

:'luL a '^L1 > P.d «.) > P.a. J(^ ^.)     for a - n R 

o 



and, by (2 LI 3), 
k, n+l-k, R k k 

p:itt1
i(ia1 

x)>     E Pr(l^r') ♦ P8o# •(l^l) 
r * 2 

k k k 
{211 .^ -     Z     pjl^ *) ♦ tpJl-a. e) ♦ p aM •(l-a )] 

kj*l k. 
»   p.(l=a. B   ) ♦    r    p,(i-«w 

r) o 

for a*^oo .nrR 

Writing (2.11 4) in the fona of (2,na), *• haw 
k ♦! k n*l        R 

p8a8        *     r   prar     ^ Pi0!      *     ^   PP   » '0«,   ^„^^R, 

which laplie« that Q^ „♦x^kl'    ''^ ^ S. n^i^1*0*000*0^ holdg for aU- 

(k-c   > »II.) auch that tk>*a*l9 «xsapt «h«r« k-m+l»!^ •• .., « kL*0^   Uoiwvar» 

•quality holds in this oaao and tha proof of the len» la ooopletedo 

Ihe proof of Theorem 1 will be ooapleted through the naoct laMM« which 

establishes (2.10) bgr an induction arguacnt on tL-    Prior to thia, huwfcr^ 

it la conTenient to point out a useful property of the integer funetiona 

n Ij) defined earlier     According to 6 , after L^o^o-^K^. ebeervatiotia have 

been taken, the next K. obsenrations ■oat be made in box i.f eo that the total 

number of obaenrationo taken in box r is the eans ae it waa prior to the 
th . J     choice of obeenr&tlono, for all nl...   Hence» we have the foUcwing 

recurrence relations 

i^ (J*l) « n± (J) ♦ K^   ,    n^C^Dn^Cj),       ^8 J - 1,,«.. 
j j 

LsBmft 2i    Suppose that for a given value of a ^ 19 the espreeaion (2^10) 

holds for each C ^ n $ X f and all (k-,n. ?k-) euch that   Ik-K ♦ ao*JL£,i* 
nn 

f 

-"■■I- 
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Then or each 0^ n ^ k   and all (k,, - rO 3"ch ^ + T'"^ '"  Ki* -*K *ni 

(2 U)}  Vl n(kl'-  k^ >^1 > (»♦Dv ^ .n  ^^ ♦ n9 y««*l) )- 

Proof 

By the preceding discussion v.e first note that a.   Tar»!. * * n,   (m) ♦ K   and 
i 1. m 

iv. m 

r r m ^» >    ■   m 

■'^ita^'j   ) 

► »^'ai)   ) 

in  (2 12).    In v.'hat  foil-wa we  bliali hrrits  alxpjji  n    L(> nc.     ,i  (■)    ewalu^ + ed 
*  r r 

at a, unless otherwise statsd, 



Now by t he usumpt.ion t hat (2 ..., 10 holds tor a and ths tact t.hat 

~+1 ll .:' '· I)<> O' ;Jka) ;til~ K kp oa •lea 
lil 

tor tSftrJ' (~ o o " such that 

Ikr ~ .. a ., " •~\. - we see t ha (2"12 ) holds for n 0 ., We will now eatabliah 

(2 ) b~· an inductioo argm:!!nt on l'l o 'l'hus we assume (2 ..,12 t o be true tor 

(2 . , 12 ~ J) 

Qnr · l ~ •t_ t (! fO H \)~ ~~1 )+1(1~ ,, tor all 

. l· - a De ·· K 
r 

K + 
m 

Fi -st ., -· (_- ., .. ,,. R 1 an r t r a.-y po nt at 'Which (2 12) is aaa\IMd 

t o hold h l'l : t i s 6 r i ci 1"J to ow that ( " ,,1 ) holds f or each 

{ . N 

8 ~ k 0 .. ld ( it.. fl ' " 0 k s l ~ . " 

l td K. ~" o K +n+l, then • 
be a point satisfyina (2 ~ 12) , 

1 ~ i uff cient o sh tha t (2 ..,1.2 1 ) hol ds tor each 

R ~ ·pl~ o k ! "" 0• s 1 0 ~) ,. where (~ " " " k., aoo,ka) aat1at1• 

(2 ., 2) !!!;! '
0 

. a 

(n.
1 

,.,., n.t IC ~ n o o 
• - , _ 14 

m 
1. t s de f 

q 

p •e th ter e i s a \ 
""' 

th 
b::l as t he 'lcapon•t ot 

1.2) , For. 

1 m . 

" U h t hat k > Clt, since Ek 

He ce s- ~ co s d.er tht: p it ( ' ' . ) Q ., , k on o.,k
8

•l, -. , 

(2 . 12' d ( 1 ) L 0 d 0 k:t ., ... ., , k _ ooo, k
8

+1 0 oo 

)'-
;;.' t ' 

= tnr•'.•n .- Ictz, ~ 

"R) aat.ia.t,riD& 

"a) II aiac• 



~erore 9 we consider an arb1traey point (~, " " " sat sf,yl ng 

(2 .12) 9 • rrl such that k
8 
~ ('lhis must be . true for sane s "' l "" ., R 

By he at"Jsunp l on t ha t (2 .12 hol ds for some 0 ~ n 

and t e definit C\ , t ~ .. 1 n I) C)., .~ (• 9 ' we a.w 
' 

(2ol2 2 
k. k 

l: 
r. e 

P a.r 'tr P a.s p ctr ) p a ·~ 4- p 

~a a s \~ 

wh c 1~ ~ en rewritten come 

(2 

k 
~ • and h e 1.gh at f ( 2 .. il\ poe. t ve ~ H 

t .. n (~ ,. 12 ~3 ) is pr s l rv~d i f we . ~.tlti , t h a i gh a1de y 

a er 6W"t' t i n the L of (2 .12 .. 2 : we a-v th f 0 
0 

k v k q l 
p a.~ (2 12.,4 s l: 8 I P,tJ'l. pro. a. r. s ,a ·e 

f - m+ · c e (2 . ~ 4 e tatement , . ') 
~ . 0 t~h~e J.t"l.J 

( 9 < k 
'· (J .. k.R , ~-

8 n1 
m• m• l 

If' a - hen frau (2 .. ? . 't . we have 
m ; 

(2 .12 ,4 e . 
> l ., 

k + 1 q 
r ~ 

~ 
m 

-to .. (l P · Pro "00. '-
9 \ 

.. . s s '\:."l' l ~l ' '- 0 ~1. a .. , .... 



Fro r ·) ,6v si.ru:e n < 1 wer !ee that m .. 

ic, · 1plleo ~ i n paxt.ieu ar h · 

2 . · ... s) 

p 
m* 

m 1 

for ;uzy ~ ~ m-l . together. 2 .. 12 4 ~ and 2 ... 12 S) Tield 



3 - A In tld ~ ~ !!Ction ·~ e a~ sume tt.e R b ·· 

in the se se th.?. t th probabi llt.y of locati ~g · he object n a giv·•n bu.~ , if 

i t is the · e , is th-.. arne f or al . "" .. e fnre ~ .et a be the c·ommon V'.l ll~ 

f the (l. ,, !) 

l 
8..'1(1 supposo w h e :lu f.P, Ct t ·d t e boxes Un.BUl~f' e ;> fully !: aecordirag 

t 6* up tne t.h pol t t ' h~r" we ttr-6 lOW lbl ' (!,f, t or th f i 6 t.ime t.c. in, -~ r- ' · 

box k . U;e be· w~~ h t :1e small .st fl 1 {' b'l i. t.y .,~ c• .. n a tn ng t. .~ 

[Tf 1J: - Dl. u. 
1. ~ . 

r:aJ. 'tt - la.rr,est Ul.i . 

"'~ve w·el· .. t ~n .. t :,t, 

M 
l) p 0. c' 

t-'k )_ 

f or ·h r~ ·:.he j .;;;; .' , - · 

H 
l 

:nua t ">e 9.lr 

1 .. ) 

.. ::. 

0 .... . ., .. 

h ~ b :.a 

,, ... 

tr • .: ·;·.,. 

1:: lth J 

, 
J 

l • 

t. a 

n 

u j' some < .. ... , R. the r.cn 1.. t.o • 
\J \J. ~r t i 11 h •· L .at bo h > be t• . pe ted '" 

'! . b GJ '··"'·i·'ln s •n bo ! ~ he •• 
t 

... 
n , 

,. •·r :u .,at. 

1 T! I ' .~ ', I ' t 1 ~ 1 T . this 5 T' t. 
H 

.;ll ld • v J t.c (.' . B.~ .·•t b r-f o 

c n~ 

, . 

r 
(1 · 1 

t;l~ .n r; 1 • 

. t;.J 1 ~ 1 .. e'; 1 -
( •" 

·vl.- .. . . . ...,_ 

. t .~ ~ .- t c- • • ' l • .~r 

r .. .. 

l, . } e -mal ·~ !j 1' · 

.n . 2 \ 3 . .. it. 

• f' one 

wh 1 

~ · '·• 

. 
ob e . " 

uo;:c R , 

ns 
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for i- -Decting box i1F 8ays on the next observation is new establishsd by 

(2.6 )o The integer 1, ie the smallest integer such that 

p.   e       • 1< r <»-l Hcwirsr» 

M. M 
1 . a < pöü .<: p.  a    * s  f or i * lo   .Rl, by (3oi) and (3 2), so that p. a K    ^   i ^ 

only orw observation can b» tsücen in box i, *    Ws must then inspect box i2, 

4 'i wJ')«"« i , is the smallest inceger such that p.  a       * Hex   p.a 
X2 *\   i 

t'^L in this equation ie 1 x     Certalalyr by (a^Op ^ can not be R, if 

R > 2.    since p/X * W* toT aU i ' 1"     -R ^ ^ (3 2K    ^ 9lnCe 

Ml2 H, 
p   a    *      a < pp a ^ p-a    , i •» 1, .    BR-1^ by (3nl) and  (3 2h   then we are 

restricted tö only one observation in box l2>    Similarly.. 

V1 \ pi a ^ %a ^ Pia    " ^ * ^^-  ^R -^  ^or eÄch n ** 3(   -«'.R^l« and 1   is 
n 

different from i, ,   .   >!     . and H* since 

h fl       ^ ^ > pi ^ n  for ^ -" 1    - , n-l- by (3 i) awi {3-2V.    Thus, once 

wt  nave reached tne stage uf our search wnere 6* instructs u« to inspscl box R, 

**   .ake o;ie ^servaLion there, a;rKi then one observation in each of the reoAining 

^     his cl^-ar cot  ard con^anfent choice of i.   xa the primaTy reason for the 

cm/en* ion cade in (2 6)      Hecall that the j.üan 6* is only one of several 

plans w« could have chosen« all of which are equii'alent in tnat tiicy yield 



2.1. 

\ . (. 
boxes , . . ~ cr ier 11 ., ., ~ =l o Th se t of integers l 11 .. .. .. : la~l J i s s imply 

where., 

with .. ·' 

, < . 
"' 

,.., ) 

" " , , R=l ? , chosen so t hat. 
" j ••• 

•• -1 
0. .. 

e, tt-..llt.y h· 3 a lJWhcre, t..ht> q t · nt t.r o , ··he l .n 
M 

ia .ed 

hlX: ha. .. l ~ -
A ,t 

\ 
- v we ha 

z.:i .. 
"f :,.. 

1 
PR <l 

1 

R ubserBt. one 

i a. 
l 

1·1 ·a 
l 

'} 

I " .,. 

I 

! I. •1 
~ l 

~., 1-' 0. 

R I 

,· m .... n ! t. or ·· -- u the\ := ' orio. 

be :J."l taken, from (3 -4) Jt l•! implied that. 

~ .in t~ 

~ to 

~ · e tha o , ... oi~t1ca. l se:1reh plan ~· bee01118s eyoUe&l n nature, That is ,. 

t.il t.he ~!>jer.t. i~ fo•Jtltl .. c.r unti a !'i.x(..d totaJ nu"lk'er o obtHH"n -
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~.rn t-t. ... a. ~ ~ ,. where Q l a the pro' ablltt.y of loc •. t.i :€ t.he o ject on a g1v~= l 

If p is t, ~ prior prob<lbill ty t hat the 

~- t Je- t is i. box 1, w t.h p 1 ;. ' ;o. · - p) (l - ~) . t.hen the opt.i.ma l aearch.lng 

•'"·· · 'll."" ... ,_ ..... ! ... ..... ~- ~ ~t ... gftr ··1·""} t ~.- • -" ... - .. .. ..-; , , -·'- . ..;.-. .. 

( L. .l .l 

ru) t :oua fr<JD box J. .. 

. :f en..: 

t ,e t l.;-- post· t ... .: i ! t y l' f1 nd1. g the objec• 1n t·ox 1 after I 

h 
~ ·-

. .., ~ .. . 

;1. obee 

t.ha 

tic a 1 box l , here i·l ta the IIJIW:llleat 

(l..- J '1 -f, 

(_v) T~ e ':t.. n x, chai o! obs ;; rvat.i otl!l !r . bo.x ;.. .ic .... , in 

" J "1 t. ... n . f o •. e o.:J !'"Y. .or. t; . te ... 



t ke d ob~ervat.ia."1.e Me at a time in box 1. \\t .e t~ ! i 't s the am., J es . 
n n 

intsge~ such that 

K .... '1. 
fA1 

obfier~u.tion 'lhia is juat1 fied by the~ inequality 

( !.. 
.. •H - 1 

n 

In an ~t ···::.pt to ~ onf.'truct an &rPro.xi.m&tion 

and 

t . 

! th = 1nt.eg rs 1: df:f i aed by (I. 2) 
n ia e1the · : .. • o:· ; .·• , L !c ·· 

• • 
'ro rove this w ... t. t. no e th&.t (4 1 bOO tLe !'act ti':..:.t.t o· · '- ;! 

(4 J lJ 
K :. • !'... ·* l 

PJ. (1- . J a. <( l~ p) (1 - ~ e < 1:0. ( .1 "-' "' 



I Thi .. 

(~ J ~) 
H* {l=p) 

a. < - - ---K 
pa 

lc--~ 

1 ---· 

The q 1anti.ty c.n the righ .eing le- s~ t.han L ~: ... nC'e a. < 1 and K~ m11st 1 ~ at 

'i..~afi" 2 by de!tn ' t, ' on . But t r cm (4 . .2\ tnr n l; wtt haVEl 

(4 =~ 

Tog~t~ er (4 ~~. 2 ) Lnd (4 .. 3 . 7. .) yield the ineq.-LU.ties l~ > Mi: 2 and 

t-~ * ~ !\ l "Which in tllftl imply t hat J.l*+l > l~> f-~* ... 2 ~ Henee w 1\ 1a eit her 

Tr~~f.ing th.o :;l.at~llt of the theorem as d."'\ inductive ~>O ... hests in 11 1 

h _· t.. ... ~ now a~:~v~ that t or some n ~ l ,, either f.1 ~ M* ar Jl ... f{*~L ill a - · n n 
. H* 

<.t -~equence o! t4. 2) 8i1d t.he .rs~t that a. < l' il w laa.e tbe lollelldn& lDeqttalitr 

(t: 3 } I 

2M* 1.-p 
(4 ,.. ) )) B < -----=~-

HOille er. \4~2 iruplies tha. 

M n+ 
a 

• • h< l-P 

- . . --J.: ., . ' -

(4 ~3.6 
-!!'!'K-+!!'!'·~-.-"-,-.~~.~:r -~ 
pa 
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when M*«f-:*,    Hence,  (43 5) and U 3-6) together yield 2M* > H    . t:.*--l ax\d n Hi 

M      '       > Zl*     2. so that M* ♦! > M ^1 > h*   2 a«i H .      * eiUier K* or M*-l 

If M    ^ .r*'!, the aitenirttive poosicllii,;' aaier no.c assumption,   then 

{U "} O  Impllea that 

2::*~i        i ? if, .v < 
(i* 3 7) a <   3     1 r a 

j n l    1 a pa 

H« in ,.'♦ 3-6)    h»wever,   \U £':  implltt ihat 

1 n I 

wjttrh,   conulnrü wiUi  '4 3-7V  yields ^.M"*  1   > '..' :;   .m l.      » .♦  L ;   Z* 3 

Th-jrei'ore.  K'-l > K    , > J:#-2   ,  cr ,M    ,   1« eltner M* or ;"  i    »h5ch cacple*.«=H n*ll , n-I 

t e proof of the \heorfln      Roughly speaking    thie  theoTsm tells us that every 

chaJn of ob^^rT^'ions taken l^r. box  l %ccoi,dlng to &*,  ruh^r than tv.« Initial 

f.fijiri,   c.  .aisca      .tlmcsi       of tlr.t   ^^at  ndju'^ar of 'jhacr^tior^ 

jw    fro.a section 2 ani  the ieflnltior, of  o' An TfJ.3 section,   we have 

the  following. 

P [N > ni6*J   -  pcn*(i p»  .  for 3 ^ r. ^ F ^ 

? ['. > K ♦  K, T. ♦^ife* i ■■ pc      '     ' i .  n! >       :'or n c   ;-, <  ,•■   <. 
p -' J ' -       -    . 
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and,  la general« 
ml 

P [N > K ♦      I       M   * n ♦ m   6*] - po     1 * (1 p^p 
P 1 - 1   ^^ ' 

for 0 i n ^ i. 

Therefore» we may write the rollahlng expressions; 

E [idb*] -   ?     P [N > fc I 6*] Pl . O ! k-C        P 

i    Cpan*(l p)) *      Z    [pa        ^ P>^ 
nro ä*O 

^   fpa    ^   -(1 p)ß2l * 

IT  a ♦pa ( . ♦ a      ^ a ♦....>♦ p     i.    a ♦pa 
n-o 

(l-p)[(K*l» ♦      I (M ♦!) ßmJ 
m-1   " 

?       *  pa [i  -    I    i 1-1    1]*(1 p)HK*l) ♦    L    (I«'   l)3ml 
i=a EI*1 c 1        E 

Let us now define 6s  to be the searching plan which instructs the 

statistician to tJce K observations one at a time in box I,, then one 

observation In box 2 ^nd .'.* observations in box !„ alternately    until tr.« 

oljject is found.    rYom (u 4) and (4 5)^  H is easily seei- than 



Caabllliri (4 ~ 5) and 4. 6). anl ap~ua 'lbeorea 2~ we obtain the .rollCJWing:l 

B7 uatna 6 1 the •tat1•t.ic:tan cAD expect to take lees tLan one eoser-v-~tion 

more t,o find the obJect t.ban U he had used the opti.JI&l plan 6* 

The -'ftftta&ee ot the p1.aa 6 11 are twofold , Firat, it ia very diffieult 

generalq to preacribe the tall Mquence of obsenatioll!' !or 6* (a ~ g"~ i<J th~ 

lOOOth observation ot &* to be taken trom box 1 or b()X 2?) whet'eas ~()4' 

a and It, Ule etatietlc:t. ..... anq Jmaw the ratio j.oa p w 
los e& 

\ 

ob'l"!.ous •ee.rch1ng pl••• _.. ot theae being that. plaJl Wier usee 1·1* ~1 111 pJ..ae• 

M* as in 6' .. 
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' " a t1nal not.• we should like t.o add that. it m < ~ 9 vl.t.h p(l-a) ~ 

(l=p) (l~.,a) ~ then be;Joni the tint chain ot obMnaUona in box 1, anq one 

observation is taken in box 1 between each w 4• ot observat.iona in box 2 

according to 6*.9 and a 1'88ult ahdJar to Tb~ 2 can eaa~ be deriftd 

tor t.hia 6aae,. 



•.. 

3., 

4 .> 

Koor~h B... 0., • "The theo17 of Search ni: 'Ibe Optimum Distribution 
o! S_tJarehing E1'tort•~ __ 9e!!o-!!!o 9 Vol,. V, Noo S11 (1957L. 

}3.,11man ~ R"Jl ~ Prop•erdM• Prir.ce\cm 1957, Pu SO, 

1-lAtula, David1 "A Periodic Opt.S..1. :ieucb•, B!o ll•th. H'l!!t.l!k? 
Vol ., 71 No,, 1~ (1964)() 

Cnames, A ,~ and 1·!. \1. Cooper, "The Theory ot Search~ ()pt.i.mum 
Dietribut.ion ot Eftoz-t.", If!!!. is&,..,, VoL V, lioo 1 ,1) (1958)., 

Staro".TaroY, Oc: V .. tt •at a Sea~ Problea• g !!!I!!Z S( frobabili~ 
!l!llli-~cat~ Vol. VIII_. t:o, 2, (1963} o 


